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We investigate Euclidean wormholes in Gauss-Bonnet-dilaton gravity to explain the creation of the
universe from nothing. We considered two types of dilaton couplings (i.e., the string-inspired model
and the Gaussian model) and we obtained qualitatively similar results. There can exist Euclidean
wormholes that explain the possible origin of our universe, where the dilaton field is located over
the barrier of dilaton potential. This solution can exist even if dilaton potential does not satisfy
slow-roll conditions. In addition, the probability is higher than that of the Hawking-Moss instanton
with the same final condition. Therefore, Euclidean wormholes in Gauss-Bonnet-dilaton gravity are
a possible and probable scenario, which explains the origin of our universe.
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I. INTRODUCTION
To understand the origin of the universe, we need to investigate two topics, i.e., (1) the fundamental action
of quantum gravity that explains our universe and (2) the way to evaluate the wave function of the universe for
a given action. Regarding the first topic, string theory provides a clue; specifically, the Einstein gravity needs
to be modified owing to higher order stringy corrections [1].
Within the context of modifying general relativity, the Gauss-Bonnet term has played a major part in the
past few decades as the low-energy effective theory of the ultimate quantum gravity. Because the Gauss-
Bonnet term is a geometric invariant, i.e., by itself, it is a total derivative in four-dimensions (4D), it does not
contribute to gravitational dynamics. Thus, to account for its effects, one can introduce additional degrees of
freedom, such as a scalar field (i.e., dilaton) coupling ξ(φ), and couple it to the Gauss-Bonnet term. However,
Ref. [18] has recently proposed a novel 4D Einstein-Gauss-Bonnet gravity, in which the authors considered a
coupling constant α instead of dilaton coupling ξ(φ) functions. Using an unusual action principle and rescaling
of the coupling constant, α→ α/(D− 4), the nontrivial contribution of gravitational dynamics is realized in D
dimensional spacetime. Here, the factor 1/(D − 4) regularizes the otherwise vanishing contribution from the
Gauss-Bonnet term, which allows the D → 4 limit at the level of equations of motion [18]. Therefore, it was
possible for the topological Gauss-Bonnet invariant to have a finite local dynamics in 4D spacetime with some
symmetries. There has been an ongoing discussion regarding the nature and definiteness of the four-dimensional
limit of the Einstein-Gauss-Bonnet theory [19].
3In this paper, let us focus on the leading term of the modified gravity action via string theory that can be
well categorized by the Gauss-Bonnet-dilaton gravity [2]:
S =
∫
d4x
√−g
[
R
2κ2
− 1
2
(∇φ)2 − V (φ) + 1
2
ξ(φ)R2GB
]
, (1)
where R is the Ricci scalar, κ2 = 8pi, φ is the dilaton field with potential V (φ), and R2
GB
is the Gauss-Bonnet
term. If we extend this model, we may generalize the form of the coupling term ξ(φ) between the dilaton field
and the Gauss-Bonnet term as well as the potential V (φ) of the dilaton field φ.
In relation to Eq. (1), the cosmological application of models with the Gauss-Bonnet term in the 4D Fried-
mann universe has been previously studied in many works, e.g., inflation [13, 20] and dark energy [21] (and
references therein). The gravitational wave constraints on the coupling strength of the Gauss-Bonnet term have
been discussed in Refs. [22]. A notable feature of such models in the abovementioned literature [13, 20, 21] is
that the Gauss-Bonnet term affects the cosmological dynamics only through the coupling function ξ(φ). Thus,
in this study, we focus on a case in which the Gauss-Bonnet term is non-minimally coupled to the dilaton field
via ξ(φ) rather than having a coupling constant.
Using this theoretical background, we can investigate the wave function of the universe [3]. There have been
several proposals. However, in this study, we focus on the Euclidean path-integral approach after the Wick-
rotation to the Euclidean time τ = it [4]. The Euclidean path-integral is defined from the in-state (hinab, φ
in) to
out-state (houtab , φ
out), where hab is the three-metric, and φ is the field value at a given slice:
〈houtab , φout|hinab, φin〉 =
∫
DgµνDφ e−SE , (2)
where we sum over all geometries that connect from the in-state to the out-state, and SE is the Euclidean action.
This path-integral will be approximated well using the steepest-descent approximation, i.e., the path-integral
can be approximated by summing over on-shell histories, or so-called instantons. The instanton solutions should
connect from the in-state to out-state [5]. If the instanton solution for the in-state and the solution for the
out-state are disconnected on the Euclidean section, we can independently define the wave function only for
the out-state; in this case, there is no initial boundary; hence, this proposal is also known as the no-boundary
proposal [4].
The no-boundary proposal requires that for a given out-state, we sum over all regular and compact Euclidean
instantons. In the Einstein gravity, typically, the solution looks like a Hawking-Moss instanton [6]. However, if
we include the Gauss-Bonnet-dilaton gravity terms, we can identify new solutions, e.g., Euclidean wormholes [7].
In our previous paper [8], we investigated whether there exists a Euclidean wormhole solution that could explain
the creation of a wormhole ex nihilo from quantum gravitational fluctuations. However, this is not a unique
application. If we consider a homogeneous analytic continuation [9], we can apply this instanton to quantum
cosmology and the initial state of the universe [10]. We can ask whether the Gauss-Bonnet-dilaton gravity
can provide new instantons for the no-boundary proposal, which can compete with typical Hawking-Moss type
solutions, e.g., [11].
This paper is organized as follows. In Sec. II, we describe the details of the Gauss-Bonnet-dilaton gravity
model. In Sec. III, we show several numerical instanton solutions as well as their probabilities. Finally, in
4Sec. IV, we summarize this paper and comment on possible future applications.
II. MODEL
The action of the Gauss-Bonnet-dilaton gravity is [2]
S =
∫
d4x
√−g
[
R
2κ2
− 1
2
(∇φ)2 − V (φ) + 1
2
ξ(φ)R2GB
]
, (3)
where R is the Ricci scalar, κ2 = 8pi, φ is the dilaton field with potential V (φ), and
R2GB = RµνρσR
µνρσ − 4RµνRµν +R2 (4)
is the Gauss-Bonnet term. The conventional choice of the coupling function ξ(φ) following the type-II super-
string theory is [1]
ξ1(φ) = λe
−cφ, (5)
where λ and c are the model-dependent parameters. However, recently, there have been some investigations
for the Gaussian model
ξ2(φ) = λe
−cφ2 , (6)
where λ and c are the model-dependent parameters. To reveal the genuine properties of the Gauss-Bonnet-
dilaton gravity model, it is worthwhile to study a non-conventional choice of the dilaton coupling function.
A. Equations of motion
In this theoretical background, we study instantons with the following O(4)-symmetric metric ansatz:
ds2E = dτ
2 + a2(τ)dΩ23, (7)
where τ is the Euclidean time, a(τ) is the metric function for the scale factor, and
dΩ23 = dχ
2 + sin2 χ
(
dθ2 + sin2 θdϕ2
)
(8)
is the three-sphere.
Then, the equations of motion in Euclidean signatures are [12, 13]
H2 =
κ2
3
[
1
2
φ˙2 − V + 3
κ2a2
− 12ξ˙H
(
−H2 + 1
a2
)]
, (9)
H˙ = −κ
2
2
[
φ˙2 +
2
κ2a2
+ 4ξ¨
(
−H2 + 1
a2
)
+ 4ξ˙H
(
−2H˙ +H2 − 3
a2
)]
, (10)
0 = φ¨+ 3Hφ˙− V ′ − 12ξ′
(
−H2 + 1
a2
)(
H˙ +H2
)
, (11)
where H ≡ a˙/a. Eqs. (10) and (11) will be used to numerically solve the variables. Eq. (9) will be the constraint
equation, where it is simplified (if a 6= 0) to
0 = 6a
(
1− a˙2)− 24κ2a˙ (1− a˙2) φ˙ξ′ + κ2a3 (φ˙2 − 2V ) , (12)
5where ′ denotes the derivation with respect to φ, while ˙ denotes the derivation with respect to the Euclidean
time τ .
We present Eqs. (10) and (11) for a¨ and φ¨ [8]:
a¨ = −a
2
2
F , (13)
φ¨ = V ′ − 3 a˙
a
φ˙− 6ξ
′
(
1− a˙2)
a
F , (14)
where
F ≡ 2a(1− a˙
2) + κ2a3φ˙2 − 4κ2ξ′′(−aφ˙2 + aa˙2φ˙2)− 4κ2ξ′(−aV ′ + aa˙2V ′ + 6a˙φ˙− 6a˙3φ˙)
a4 − 4κ2a3a˙φ˙ξ′ + 24κ2ξ′2 − 48κ2a˙2ξ′2 + 24κ2a˙4ξ′2 . (15)
In general, to solve a compact and regular instanton solution with a generic potential, the problem becomes a
boundary value problem; hence, one needs to tune the initial condition to satisfy boundary conditions. Because
this procedure is technically complicated, for simplicity, we solve the solution in a different way; first, we fix
the form of φ, then, solve V by reverse engineering [14]. This is a solution searching technique; in realistic
examples, we need to fix the potential first and solve the field value later. If we accept this technical approach,
we are allowed to use the following form of the field:
φ(τ) − φ0 = (φ1 − φ0)
12pi
[
12
τ
∆
− 8 sin 2 τ
∆
+ sin 4
τ
∆
]
(16)
for 0 ≤ τ ≤ pi∆, while φ(τ) = φ1 for τ > pi∆. Here, φ0, φ1, and ∆ are free parameters. The equation for V
now becomes V˙ = φ˙V ′, where
V ′ =
a5φ¨+ 6κ2a3(1− 3a˙2)φ˙2ξ′ − 12ξ′(1− a˙2)2(6κ2a˙φ˙ξ′ − a− 2aκ2φ˙2ξ′′ − 2aκ2φ¨ξ′) + a4a˙φ˙(3 − 4κ2φ¨ξ′)
a4(a− 4κ2a˙φ˙ξ′) .
(17)
Therefore, finally, we will solve Eqns. (13) and (17) for a(τ) and V (τ).
B. Initial conditions
We impose the following initial conditions at τ = 0:
a(0) =

 6
κ2
(
2V0 − φ˙2(0)
)


1/2
, (18)
a˙(0) = 0, (19)
V (0) = V0, (20)
where, for convenience, we choose
φ(0) = φ0 = 0, (21)
φ˙(0) = 0. (22)
From this initial condition, we solve the solution up to τ = τmax, where
a(τmax) = 0, (23)
a˙(τmax) = −1 (24)
6FIG. 1: Homogeneous analytic continuations of a Euclidean wormhole.
are required for the regular end.
C. Homogeneous analytic continuations
In this study, we are interested in constructing a Euclidean wormhole solution with the homogeneous analytic
continuation. First, to have a Euclidean wormhole solution, we need to check what is the necessary condition.
Geometrically, we need a¨ > 0 when a˙ = 0 and a > 0. If we plug these conditions into the equations of motion,
then necessary conditions are
a¨ = −a
3
2
(
2 + κ2φ˙2(a2 + 4ξ′′) + 4κ2ξ′V ′
a4 + 24κ2ξ′2
)
, (25)
φ˙2 = − 6
κ2a2
+ 2V. (26)
These equations imply that the necessary conditions for the Euclidean wormhole become
1
2κ2
+ ξ′V ′ +
(
a2
4
+ ξ′′
)
φ˙2 < 0, (27)
V − 3
κ2a2
≥ 0. (28)
These conditions are useful to determine the properties of wormholes. This means that the Euclidean wormhole
throat can exist only if V > 0 and ξ′V ′ < 0 are satisfied.
Even before we obtain numerical solutions, we can expect that the solution will look like Fig. 1. In the
Euclidean domain, the field varies from φ0 to φ1 as the Euclidean time varies from 0 to τmax. If there is a
Euclidean wormhole in the Euclidean domain, the geometry will look like a yellow-colored region.
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FIG. 2: a/
√
V0 (upper left) and a˙ (upper right) versus τ/
√
V0, and V (φ)/V0 (lower left and right) for ξ1, where c = 1,
φ0 = 0, ∆ = 0.8, and varying λ¯ ≡ λV0; to satisfy the boundary condition, we need to tune φ1 and V0.
After we obtain a solution, we introduce the homogeneous analytic continuation t = −iτ at τ = 0. Note
that at this point, we already imposed the condition of a˙ = 0 and φ˙ = 0. Hence, after the Wick-rotation,
the reality of the metric and the matter field are naturally guaranteed. After the Wick-rotation, the universe
will evolve from the initial condition φ = φ0. Unlike the inhomogeneous analytic continuation, the bottleneck
of the Euclidean section will not be naked to the Lorentzian geometry. However, because the volume of the
yellow-colored region of Fig. 1 is larger than that of the trivial Hawking-Moss instanton, the probability will
be different. In some sense, one can say that there is an enhancement of the probability owing the existence
of the potential barrier if we consider the Gauss-Bonnet-dilaton gravity. In the next section, we will confirm
these expectations in detail with numerical solutions.
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FIG. 3: a/
√
V0 (upper left) and a˙ (upper right) versus τ/
√
V0, and V (φ)/V0 (lower left and right) for ξ1, where λV0 = 1,
φ0 = 0, ∆ = 0.8, and varying c; to satisfy the boundary condition, we need to tune φ1 and V0.
D. Scaling behavior
It is worthwhile to show the following scaling dependence of the solution. If we rescale the parameters, or if
we introduce the conformal transformation,
a → a√
V0
, (29)
dτ → dτ√
V0
, (30)
then
SE → − 1
V0
∫
d4x
√
g
[
R
2κ2
− 1
2
(∇φ)2 − V (φ)
V0
+
1
2
V0ξ(φ)R
2
GB
]
. (31)
Therefore, from this scaling, the dynamics (equations of motion) is invariant even though we change V0 and
λ → λV0 at the same time. Thus, when we interpret the potential, we will use this freedom to choose V0.
However, as we vary V0, the physical probability must be scaled: e
−SE → e−SE/V0 .
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FIG. 4: a/
√
V0 (upper left) and a˙ (upper right) versus τ/
√
V0, and V (φ)/V0 (lower left and right) for ξ2, where c = 1,
φ0 = 0, ∆ = 0.8, and varying λ¯ ≡ λV0; to satisfy the boundary condition, we need to tune φ1 and V0.
III. RESULTS
A. Various solutions
Figs. 2 and 3 are the solutions of the ξ1(φ) model. In Fig. 2, we fixed c = 1, φ0 = 0, ∆ = 0.8, and varied λ;
in Fig. 3, we fixed λ = 1, φ0 = 0, ∆ = 0.8, and varied c. For both cases, to satisfy the boundary condition,
we tuned V0 and φ1; however, we plotted the V0-independent result because V0 can be rescaled. Therefore, the
only physical tuning parameter is reduced to φ1.
Figs. 4 and 5 show the solutions of the ξ2(φ) model. In Fig. 4, we fixed c = 1, φ0 = 0, ∆ = 0.8, and varied
λ; in Fig. 5, we fixed λ = 1, φ0 = 0, ∆ = 0.8, and varied c. For both cases, to satisfy the boundary condition,
we tuned V0 and φ1, but we plotted V0-independent result because V0 can be rescaled. Therefore, the only
physical tuning parameter is reduced to φ1. It is clear that the physical properties are qualitatively the same
as those of the ξ1 model.
The metric a(τ) varies from the left end to the right end, while there exists a throat of the Euclidean
wormhole, e.g., a point such that a˙ = 0 and a¨ > 0. After the Wick-rotation, from the result of V (φ), one can
notice that the end point is in de Sitter regime, while the field covers over the potential barrier.
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V0 (upper left) and a˙ (upper right) versus τ/
√
V0, and V (φ)/V0 (lower left and right) for ξ2, where λV0 = 1,
φ0 = 0, ∆ = 0.8, and varying c; to satisfy the boundary condition, we need to tune φ1 and V0.
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FIG. 6: λ = 0.5 with model ξ1. The parameters can be on the order of the Planck scale.
Of note, when V0 is the Planck scale (. O(1)), in the small λ and small c limit, one will find (sub-)Planckian
Euclidean wormhole solutions, i.e., all parameter spaces (V , φ, etc.) are approximately Planckian, at least for
the model ξ1(φ) (string-inspired model, Fig. 6).
However, for large λ or c limit, we still have solutions, but we have some comments on their meaning. One
11
τ
ϕ
V(ϕ)
0 τmax
ϕ0 ϕ1
FIG. 7: Special form of the solution when c≪ 1.
may consider scaling to observe their dependence. Regarding scaling, there is an interplay between V and ξ; up
to V0, it scales by V/V0 and ξV0. For a given Euclidean wormhole solution, with an increase in V0, the physical
potential V/V0 becomes smaller; however, at the same time, the physical value of the coupling ξ must increase
accordingly. This implies that there is an interplay between two sectors; either the potential is dominant or
the Gauss-Bonnet term is dominant, although it describes the same solution. It is fair to say that with an
increase in V0, the Gauss-Bonnet term is dominant; this may indicate that one needs to include higher order
stringy corrections at the same time; however, if V0 decreases, the potential term is dominant, which indicates
that higher order corrections to the dilaton field must be considered. Therefore, one can conclude that the
physical importance of such super-Planckian Gauss-Bonnet-dilaton wormhole is genuinely the non-perturbative
quantum gravitational issue. Future investigations on quantum gravity will eventually clarify the true existence
of Euclidean wormholes.
One exceptional limit is the blue colored curves in Figs. 2 and 3, where the final condition satisfies a(τmax) =
a˙(τmax) = 0 (Fig. 7). As long as the Euclidean manifold is located in the quantum regime, there is no reason to
disallow such possibility. For this case, the corresponding potential has a different physical property; the point
τmax corresponds to a certain point of the potential which has a bigger vacuum energy than the left end. These
solutions can be obtained if c≪ 1. This means that this solution can be free from the scale issue. By choosing
proper V0, one can find a model so that both the potential and dilaton coupling are the sub-Planckian region.
We left the physical importance of this solution as a future topic. Of note, this solution is qualitatively similar
to instantons motivated from the loop quantum cosmology [15].
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FIG. 8: Euclidean action integral (B) by varying λ (left) and c (right) for model ξ1(φ).
B. Probability
The probability of each instanton can be evaluated as follows:
P ∝ e−2B, (32)
where
B =
∫ τmax
0
LEdτ. (33)
For the typical case, if the field is located at the left local minimum of the potential (φ = φ0), the probability
is the same as the Hawking-Moss instantons, i.e.,
2B = − 3
8V0
. (34)
Note that the value of the Euclidean action is negative definite; hence, with an increase in the volume of
instanton, its probability increases. Therefore, it is easy to imagine that the probabilities of instantons, including
Euclidean wormholes, are higher than those of the Hawking-Moss instantons.
Fig. 8 shows the typical behavior of factor B by varying λ and c. With an increase in λ, the Euclidean
action becomes more negative; thus, the probability increases. However, with an increase in c, the Euclidean
action increases; thus, large c limit is less preferred. Of note, except for several parameter spaces, Euclidean
wormholes are preferred compared to Hawking-Moss type instantons. Therefore, one may further conclude that
Euclidean wormholes can appear even though the slow-roll condition is violated; this instanton can be a new
alternative origin of the universe.
IV. CONCLUSION
In this study, we investigated Euclidean wormhole solutions in Gauss-Bonnet-dilaton gravity. Specifically,
we were interested in the homogeneous analytic continuation to de Sitter space. We observed that the Gauss-
Bonnet-dilaton model allowed various types of Euclidean wormhole solutions, and these solutions had higher
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probability than that of the Hawking-Moss instantons with the same final condition. Therefore, in terms of
the probability, Euclidean wormholes are a probable explanation of the origin of our universe, at least in the
Gauss-Bonnet-dilaton gravity.
First, although the parameters are limited, by choosing specific parameters, we can determine that the solu-
tions are within the sub-Planckian limit. These solutions have meaningful and important future applications.
In addition, if c ≪ 1, there are no Euclidean wormholes, but a long stretched instanton solution appears. In
terms of the homogeneous analytic continuation, this will have no fundamental problem because the stretched
end will not be naked to the Lorentzian domain. For these cases, one may find sub-Planckian instanton, which
differs from the trivial Hawking-Moss instantons. Of course, its physical importance must be discussed in future
investigations.
In addition, there are many parameters that provide super-Planckian Euclidean wormholes. For these so-
lutions, there is an interplay between the Gauss-Bonnet and potential sectors. For a given solution, one can
choose a parameter so that the potential term is dominant; or the Gauss-Bonnet term is dominant. For any
case, if each term is greater than the Planck scale, it may be theoretically unstable. This issue must be clarified
by studying quantum gravity more thoroughly. This is not surprising because we are studying the genuine
non-perturbative regime of quantum gravity.
We have several interesting new solutions to describe the origin of our universe. If we turn on perturbations
to the manifold, we can evaluate the effect on the anisotropy of the cosmic microwave background [16, 17].
Specifically, the perturbations from the Euclidean wormhole may not result in the scale invariant Bunch-Davies-
like state. This result provides interesting observational signatures to cosmological observations; for an ideal
case, we expect that cosmological future experiments can confirm or falsify several candidates of quantum
gravitational scenarios.
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